A functional model of a simplified clarinet has been developed and implemented on a digital computer. The simplified clarinet consists of a standard clarinet mouthpiece and reed attached to a straight cylindrical tube. In the model, the tube and mouthpiece are represented by a lumped element approximation to a transmission line and the reed is represented as a nonuniform bar, clamped at one end. Differential equations for the system are solved numerically on a digital computer to obtain pressures and volume velocities of the air in the tube and mouthpiece, and positions of the reed at successive time increments. The model exhibits self-sustained oscillations, threshold blowing pressures, frequency shifts, and spectra of mouthpiece and radiated pressures which are similar to those of an actual simplified clarinet. A previously unreported dependence of volume velocity in the reed aperture on the initial or rest opening of the aperture was also found.
INTRODUCTION
Some of the earliest studies on the physics of vibrations and wave motion were precipitated by an interest in understanding musical instruments and musical tones. Yet, science has been able to offer little support to the design and fabrication of musical instruments. This has not been entirely the fault of the musical instrument craftsmen who tend to view their work as an art form. It is largely because the physics of musical instruments and their tone production has not been sufficiently understood for it to be much help in designing or building instruments. There is gathering evidence that this picture is beginning to change.
Research has been done on many different musical instruments including the mechanical reed woodwinds (e.g., clarinet, oboe, and bassoon) which form an interesting class of instruments to study. The work done during the last two decades represents significant advances in understanding the physics of tone production, but it is clear that there is more work that needs to be done. A general restriction observed in almost all research on the clarinet to date has been to treat only small-and medium-amplitude reed vibrations in which the reed does not beat against the mouthpiece. Schumacher did try to incorporate the beating reed in his calculations, but he did it in a nonphysical way. The research has also been restricted primarily to steadystate oscillations. One would ultimately like to study the details of loud tone production in the clarinet where the reed does beat and also to consider transient behav-
ior. It has also been a consistent practice to treat the reed as merely a damped simple harmonic oscillator, It is with the aim of shedding some light on these and other questions that we have created a functional model, on a digital computer, of a simplified clarinet. A functional model should duplicate as closely as possible the functioning of the physical system it represents. Every physical quantity in the real system should have its counterpart in the model. This essential nature of functional modeling makes it quite useful in investigating systems with complicated interactions such as found in the clarinet. It is very unlikely that a functional model will behave like the real system unless it includes all of the important features of the real system. Thus one is often led to uncover subtle but important features of the system which may have previously been overlooked. And usually, the precise way in which the behavior of the model differs from that of the real system is a strong clue as to what may not have been correctly incorporated in the model. Once the model has been correctly created, it provides a means to more easily determine the effect of variations in the system since the software of the model is generally much easier to modify than the hardware of the system. And finally, there are often quantities which are very difficult to measure in the real system which are readily accessible in the model.
Our model is not the first attempt at creating a functional model of a clarinet. Higbee and Turley •s created a functional model in which they approximated the reed as a simple mass on a spring and the cylindrical tube as a 1ossy delay line. The 1ossy delay line representation treats each section of tube in terms of reflection coefficients at its ends with propagation delay and loss included explicitly. In spite of the rather gross approximations involved in their model, they were able to demonstrate self-sustained oscillations, a threshold blowing pressure in the neighborhood of that found by Backus, •ø and a mouthpiece waveform roughly like those of real clarinets. There may have been other attempts at functional clarinet modeling, but nothing more could be found in the literature on the subject.
We must emphasize that our model is not of a real clarinet. We have tried to include all of the important features of the reed and mouthpiece of the clarinet, but we have greatly simplified the rest of the model by considering the mouthpiece to be attached to a simple cyl- This paper consists of two main sections. In the first, the model is described and the step-by-step development and implementation of the model on a digital computer is outlined. The second section details the results obtained with the model and how they relate to experimental and theoretical work previously done by others. Finally, a short summary indicates what might be done next in investigating tone production in mechanical reed woodwinds.
I. DESCRIPTION OF THE FUNCTIONAL MODEL
In this section we describe the specific representations used for the tube and reed in the model. We explain why the particular representations were chosen and briefly how they were incorporated into the computer simulation. We also describe the coupling be- 
where a is the radius of the tube. The above expressions are only valid when ka < 0.5 which is not true for the higher harmonics in the clarinet, but is adequate for the purpose at hand. G
This set of simultaneous equations is approximated by finite difference equations and solved numerically by Because of the huge computational and storage costs of the proper inclusion of the frequency-dependent viscous loss, and because the inclusion of it in the manner described above did achieve the desired effect of reducing the power in the high frequencies relative to that in the low frequencies, it was decided not to attempt anything similar with the heat conduction losses. The heat conduction losses remained as constant average losses for all frequencies. For future work with the model it might be well to include the heat conduction losses simply as a fraction of the viscous losses.
B. Representation of the reed
As pointed out earlier, in most of the mathematical theories developed for the clarinet to date, the reed has been modeled as a simple harmonic oscillator. This approximation deserves some discussion. Some investigators had previously reported quite complicated motions in clarinet reeds, 5 but more careful studies 24 have not found such motions.
The clarinet reed oscillates at a frequency below that of its fundamental mode so that all points on the reed move in phase, but with increasing amplitude toward the tip. Furthermore, the deflection of the tip of a free clarinet reed clamped at its base is a linear function of applied force. One is naturally led to modeling the clarinet reed as a mass on a spring with an effective mass, spring constant, and damping to give it the same properties of motion as the tip of an actual reed. Such a representation certainly simplifies the programming and calculations, but it is not adequate to capture all of the phenomena relevant to the interaction of the reed with the mouthpiece and the player's lip. As the reed on a clarinet mouthpiece moves toward closure of the reed aperture it must bend against the curved lay of the mouthpiece. As it does so, the effective mass and stiffness of the remaining portion of the reed, which is still free to move, changes. This effect would have to be added explicitly to a spring-mass mod- The rest position of the reed (the position to which the reed is brought when the player first bites down on it) could be set in two different ways. The reed could be clamped tightly against the lay at a point such as to give the desired opening or the position of the player's lip could be specified and a force applied at the point such as to push the reed up to the desired position. Once the reed has come to rest at the position, the force is replaced by a stop or limit so that the reed at that point is not allowed to move below the stop. The latter case is probably more realistic. In either case, however, damping due to the player's lip is added to the damping of the sections over a 1-cm length about the point spec- this is a serious difficulty with the model,.since the really significant effect of the increased air inertia in the aperture has been included in the model by using the aperture inductance given above. 
II. RESULTS FROM THE FUNCTIONAL MODEL
where p is the pressure difference across the reed and w is the reed opening at the tip. Volume flows computed from our model differ somewhat from this relationship. ing to be about one-half of our rest opening, then Backus' data would fall at the crosses joined by the dashed line in Fig. 7 . Our pressures are somewhat higher than his, but that is probably due to a difference in reed stiffness or Q of the tube. In reviewing the manuscript, Benade suggested that we should check the insensitivity of the model to changes in residual reed aperture such as might result from slipping the reed down the mouthpiece one or two millimeters. We feel that the model would exhibit such insensitivity, but it was impractical for us to rerun the model to check this point.
Since threshold blowing pressure also depends upon the Q of the tube, we felt that it was important that our model exhibit the proper Q. Here again we were hindered by the real-time ratio. Most determinations of the Q of the tube involve driving the air in the tube with a sinusold over a range of frequencies and measuring bandwidths from which Q can be determined. Any method which requires steady state oscillations for many different frequencies would have taken weeks of computer time to run on the model. We found, however, that the Q of a strictly cylindrical tube could be determined by a 
where T is the period of the mouthpiece pressure oscil- The frequency shifts which we determined from the model did not show any variation after steady-state oscillations had apparently been achieved. shows a mouthpiece pressure waveform from our model at the onset of blowing in which a considerable evolution in the waveform is apparent. This waveform was produced by a blowing pressure that was turned on abruptly and so may not be entirely representative of an actual clarinet where a player would increase blowing pressure more gradually.
SUMMARY
We have argued that functional modeling can be a useful tool for understanding the physical behavior of musical systems. The results that we obtained with our model of a simplified clarinet show that it is possible to capture some rather subtle phenomena with a sufficiently detailed model. Unfortunately, we also found that such functional modeling can consume tremendous amounts of effort and computer time. It was the advent of the high-speed computer which made functional modeling possible and we expect that increased computer speed and capacity will make it more useful. Already there are computers available on which the model would run several times faster than on our present machine. Even at our present computational speed there seems to be much more that can be learned from the model.
Continued work with the current model should probably be done on the damping characteristics of the player's lip on the reed. We do not yet feel that we have handled the reed damping in a realistic manner. Also, the effect of the player's lip on the boundary conditions for the reed equation should be investigated further. Beating reed effects and transient behavior at the onset of blowing are other areas where our current model could provide more information.
Possibilities also exist that the current model could be made more computationally efficient, perhaps by using different numerical procedures, and these should be considered.
When the model can be made to run faster, either by improved efficiency or by implementation on a faster computer, features which we have omitted in order to simplify the model could be added. The inclusion of frequency dependence in both the viscous and heat conduction losses could be done more correctly. The three-dimensional nature of the reed aperture, i.e., the fact that not all of the volume flow enters the mouthpiece in the first section of the tube, should eventually be included in the model. The coupling of the air vibrations to the blowing pressure is another feature which we omitted which may have some effect on tone production. And, of course, tone holes and tube flare will eventually need to be included in the model to make it more musically interesting.
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